Abstract. In this paper, we generalize the CR Obata theorem to a compact strictly pseudoconvex CR manifold with a weighted volume measure. More precisely, we first derive the weighted CR Reilly's formula associated with the Witten sub-Laplacian and obtain the corresponding first eigenvalue estimate. With its applications, we obtain the CR Obata theorem in a compact weighted Sasakian manifold with or without boundary.
Introduction
Let (M, J, θ, dσ) be a compact strictly pseudoconvex CR (2n + 1)-manifold with a weighted volume measure dσ = e −φ(x) θ ∧ (dθ) n for a given smooth weighted function φ. In this paper, we first derive the weighted CR Reilly formula (1.3) associated with the Witten sub-Laplacian
in a compact weighted strictly pseudoconvex CR (2n + 1)-manifold with or without boundary.
Here ∇ b is the subgradient and ∆ b is the sub-Laplacian as in section 2. Secondly, we obtain the corresponding first eigenvalue estimate for the Witten sub-Laplacian in a compact weighted strictly pseudoconvex CR (2n + 1)-manifold with or without smooth boundary. With its applications, we obtain the CR Obata theorem in a compact weighted Sasakian manifold with or without boundary which is served as a generalization of results in [CC1] , [CC2] and [LW] .
Note that the Witten sub-Laplacian L satisfies the following integration by parts equation
for all smooth functions f, g in a compact weighted strictly pseudoconvex CR (2n + 1)-manifold M without boundary. As in [CCKL] the (∞-dimensional) Bakry-Emery pseudohermitian Ricci curvature Ric (L) and the corresponding torsion T or (L) 
Now we recall the weighted CR Paneitz operator P 
By using integrating by parts to the CR Bochner formula (3.5) for L with respect to the given weighted volume measure dσ, we derive the following weighted CR Reilly formula. 
[ ∇ e j e n , e j f en + f e j φ e j ]f e 2n dΣ φ p .
Here P φ 0 is the weighted CR Paneitz operator on M, C n := 2 n n!; B βγ f :
is the tangential sub-Laplacian of Σ and H p.h is the p-mean curvature of Σ with respect to the Legendrian normal e 2n , αe 2n + T ∈ T Σ for some function α on Σ\S Σ , the singular set S Σ consists of those points where the contact bundle ξ = ker θ coincides with the tangent bundle T Σ of Σ, and dΣ
is the weighted p-area element on Σ.
In Lemma 2.2, we observe that (1.4)
for the weighted Kohn Laplacian
0 is a self-adjoint operator in a compact weighted pseudohermitian (2n+1)-manifold without boundary. However, in order for the CR Paneitz P φ 0 to be self-adjoint when M with the nonempty smooth boundary Σ, one needs all smooth functions on M satisfy some suitable boundary conditions on Σ. That is, one can consider the following Dirichlet eigenvalue problem for P φ 0 :
for the first Dirichlet eigenvalue µ 1 D and all smooth functions on M with ϕ = 0 = Lϕ on Σ. We refer [CCW] for some details in case that φ is constant.
In general, µ With its applications, we first derive the first eigenvalue estimate and weighted CR Obata theorem in a closed weighted strictly pseudoconvex CR (2n + 1)-manifold. 
for all Z ∈ T 1,0 and a positive constant k. Then the first eigenvalue of the Witten sub-Laplacian L satisfies the lower bound
, where ω = osc [Gr] , [Ch] and [CC3] in case that the weighted function φ is constant in which l = 0.
2. Note that (1.9) is equivalent to
.
Then by comparing (1.1), (1.9) and (1.7), it has a plenty of rooms for the choice of the weighted function φ. For example, it is the case by a small perturbation of the subhessian of the weighted function φ.
Secondly, we consider the following Dirichlet eigenvalue problem of the Witten sub-Laplacian L in a compact weighted strictly pseudoconvex CR (2n + 1)-manifold M with smooth boundary Σ:
Then we have the following CR first Dirichlet eigenvalue estimate and its weighted Obata Theorem. Theorem 1.3. Let (M, J, θ, dσ) be a compact weighted strictly pseudoconvex CR (2n + 1)-manifold with the smooth boundary Σ and the weighted CR Paneitz operator
for all Z ∈ T 1,0 , and the pseudohermitian mean curvature and connection 1-form satisfies
is also nonnegative on Σ for n ≥ 2. Then the first Dirichlet eigenvalue of the Witten sub-Laplacian L satisfies the lower bound
, where ω = osc
on M. Moreover, if the equality (1.12) holds, then M is isometric to a hemisphere in a standard CR (2n + 1)-sphere.
for all Z ∈ T 1,0 , and
Furthermore, assume that the pseudohermitian mean curvature and connection 1-form satisfies
is also nonnegative on Σ if n ≥ 2. Then the first Dirichlet eigenvalue of the Witten sub-Laplacian L satisfies the lower bound
on M. Moreover, if the equality holds then M is isometric to a hemisphere in a standard CR (2n + 1)-sphere.
We briefly describe the methods used in our proofs. In section 2, we introduce the weighted CR Paneitz operator P φ 0 . In section 3, by using integrating by parts to the weighted CR Bochner formula (3.5), we can derive the CR version of weighted Reilly's formula. By applying the weighted CR Reilly's formula, we are able to obtain the first eigenvalue estimate of the Witten sub-Laplacian as in section 4 in a closed weighted strictly pseudoconvex CR (2n + 1)-manifold and its weighted Obata Theorem. In section 5, we derive the first Dirichlet eigenvalue estimate in a compact weighted strictly pseudoconvex CR (2n + 1)-manifold with boundary Σ and its corresponding weighted Obata-type Theorem.
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The weighted CR Paneitz Operator
We first introduce some basic materials in a strictly pseudoconvex CR (2n + 1)-manifold 
for some positive definite Hermitian matrix of functions (h βγ ). Actually we can always choose Z β such that h βγ = δ βγ ; hence, throughout this note, we assume h βγ = δ βγ .
The Levi form , is the Hermitian form on T 1,0 defined by
We can extend , to T 0,1 by defining Z, W = Z, W for all Z, W ∈ T 1,0 . The Levi form induces naturally a Hermitian form on the dual bundle of T 1,0 , also denoted by , , and hence on all the induced tensor bundles. Integrating the Hermitian form (when acting on sections)
over M with respect to the volume form dµ = θ ∧ (dθ) n , we get an inner product on the space of sections of each tensor bundle.
The pseudohermitian connection of (J, θ) is the connection ∇ on T M ⊗ C (and extended to tensors) given in terms of a local frame Z β ∈ T 1,0 by
where θ β γ are the 1-forms uniquely determined by the following equations:
We can write (by Cartan lemma) τ β = A βγ θ γ with A βγ = A γβ . The curvature of the Tanaka-
Webster showed that Π β γ can be written
where the coefficients satisfy
We will denote components of covariant derivatives with indices preceded by comma; thus write A ρβ,γ . The indices {0, β, β} indicate derivatives with respect to {T, Z β , Z β }. For derivatives of a scalar function, we will often omit the comma, for instance,
For a real function u, the subgradient ∇ b is defined by ∇ b u ∈ ξ and Z, ∇ b u = du(Z) for all vector fields Z tangent to contact plane. Locally
We can use the connection to define the subhessian as the complex linear map
In particular,
Also the sub-Laplacian is defined by
The pseudohermitian Ricci tensor and the torsion tensor on T 1,0 are defined by
where
Let M be a compact strictly pseudoconvex CR (2n + 1)-manifold with a weighted volume measure dσ = e −φ(x) dµ for a given smooth function φ. In this section, we define the weighted CR Paneitz operator P We define
which is an operator that characterizes CR-pluriharmonic functions. Here
and P f = n β=1 P β f θ β , the conjugate of P . The CR Paneitz operator P 0 is defined by One can define ( [GL] ) the purely holomorphic second-order operator Q by
Note that [∆ b , T ]f = 2ImQf and observe that (2.3)
With respect to the weighted volume measure dσ, we define the purely holomorphic secondorder operator Q φ by
and thus we have
Definition 2.2. We define the weighted CR Paneitz operator P φ 0 as follows
Here
We explain why the weighted CR Paneitz operator P 
then by integral with respect to the volume measure dµ = θ ∧ (dθ) n yields
This integral says that the integral of the square of f 0 can be replace by the integral of the square of ∆ b f and the integral of the CR Paneitz operator P 0 . For the CR Bochner formula
Then by integral with respect to the weighted volume measure dσ = e −φ θ ∧ (dθ) n , one gets
This integral have the same type as (2.5) when we replace L, P φ 0 and dσ by ∆ b , P 0 and dµ, respectively.
First we compare the relation between P φ 0 and P 0 . Lemma 2.1. Let (M, J, θ) be a compact strictly pseudoconvex CR (2n + 1)-manifold. We obtain (2.6)
Proof. By the definition of P φ 0 and (1.2), we compute
Second, we define the weighted Kohn Laplacian operator as
then we have the similar formula for P φ 0 like the expression for P 0 (2.3).
Lemma 2.2. Let (M, J, θ) be a compact strictly pseudoconvex CR (2n + 1)-manifold. We have (2.7)
Proof. By the straightforward calculation, we have
By using the equation
Finally, we obtain
In the following we show that if the pseudohermitian torsion of M is zero and φ 0 vanishes, then the weighted CR Paneitz operator P φ 0 is nonnegative for all smooth functions with Dirichlet boundary condition (1.5). 
here we used the condition φ 0 vanishes on M. Therefore, P φ 0 is nonnegative.
Lemma 2.4. Let (M, J, θ) be a compact Sasakian 3-manifold with the smooth boundary Σ. Then for the first eigenfunction f of Dirichlet eigenvalue problem
From the divergence theorem, we compute
here we used the last equation is zero which will be showed later. From the identity P 0 f = 2 (∆ 2 b f + f 00 ) = 2 λ 2 1 f + f 00 on M and from (3.8), we have (2.10)
Also from the identity
Thus, from (2.8), (2.9), (3.9) and (2.10), we have
as desired.
In the following we claim that Σ f 0 f 0e 2 θ ∧ e 1 = 0. By using the equation
for any real function ψ which vanishes on Σ to get that M (f 2 ) 0 dµ = 0, and from
On the other hand, since f = 0 on Σ and αe 2 + T is tangent along Σ from the definition of α, so on Σ we have
which is a nonnegative 2-form on Σ. It follows from (2.12) that
to imply that
here we used the Hőlder's inequality in the last equation.
Finally, we recall the Lemma 4.1 in [CCW] .
Lemma 2.5. Let (M, J, θ) be a compact strictly pseudoconvex CR (2n + 1)-manifold with the smooth boundary Σ if n ≥ 2. Then for the first eigenfunction f of Dirichlet eigenvalue problem
is nonnegative on Σ.
The Weighted CR Reilly Formula
Let M be a compact strictly pseudoconvex CR (2n + 1)-manifold with boundary Σ. We write (e β − √ −1e n+β ) for real vectors e β , e n+β , β = 1, · · · , n. It follows that e n+β = Je β . Let e β = Re(θ β ), e n+β = Im(θ β ), β = 1, · · · , n. Then {θ, e β , e n+β } is dual to {T, e β , e n+β }. Now in view of (2.1) and (2.2), we have the following real version of structure equations: 
∇ e j e 2n , e j = − 2n−1 j=1 ∇ e j e j , e 2n .
For e 1 , · · · , e 2n−1 being characteristic fields, we have the p-area element
on Σ and all surface integrals over Σ are with respect to this 2n-form dΣ p . Note that dΣ p continuously extends over the singular set S Σ and vanishes on S Σ .
We also write f e j = e j f and
(f e β e β + f e n+β e n+β ). Moreover, f e j e k = e k e j f − ∇ e k e j f and ∆ b f = 1 2 β (f e β e β + f e n+β e n+β ). Next we define the subdivergence operator div b (·) by div b (W ) = W β , β +W β , β for all vector fields W = W β Z β +W β Z β and its real version is div b (W ) = ϕ β,e β + ψ n+β,e n+β for W = ϕ β e β + ψ n+β e n+β . We define the tangential subgradient ∇ 
2 − (∇ e j e j ) t ]f, where (∇ e j e j ) t is the tangential part of ∇ e j e j .
We first recall the following CR Bochner formula for ∆ b .
Lemma 3.1. Let (M, J, θ) be a strictly pseudoconvex CR (2n + 1)-manifold. For a real function f , we have
Now we derive the following CR Bochner formula for L.
Lemma 3.2. Let (M, J, θ) be a strictly pseudoconvex CR (2n + 1)-manifold. For a real function f , we have
The proof of the above formula follows from the definition of L and the identity
Also we note that
Then the CR Bochner formula for L becomes (3.5)
For the proof of the weighted CR Reilly formula, we need a series of formulae as we derived in [CCW] .
Lemma 3.3. Let (M, J, θ, dσ) be a compact weighted strictly pseudoconvex CR (2n+1)-manifold with boundary Σ. For real functions f and g, we have
Here dσ = e −φ θ ∧(dθ) n is the weighted volume measure and dΣ φ p = e −φ dΣ p is the weighted p-area element of Σ, and C n = 2 n n!.
Lemma 3.4. Let (M, J, θ, dσ) be a compact weighted pseudohermitian (2n + 1)-manifold with boundary Σ. For any real-valued function f on Σ, we have
The Proof of Theorem 1.1:
Proof. By integrating the CR Bochner formula (3.5) for L, from (3.7) and (3.10), we have
By using the identities On the other hand, the divergence theorem (3.6) implies that
= C n Σ [ β =n f e β f e β e 2n + f e n+β f e n+β e 2n + f en f ene 2n + f e 2n f e 2n e 2n ]dΣ φ p .
on M, and f = 0 on Σ. We also have H p.h = 0 andω n n (e n ) = 0 on Σ. In this case we can let l = 0, then the first eigenvalue of the sub-Laplacian ∆ b achieves the sharp lower bound
. By applying the same method of Li-Wang [LW] , it can be showed that the pseudohermitian torsion vanishes on M with boundary Σ. Then we follow from Chang-Chiu [CC2] to define the Webster (adapted) Riemannian metric g ε of (M, J, θ) by
dθ(·, J·) for ε > 0 with (n + 1)ε 2 = k.
Since Ric(Z, Z) ≥ k Z, Z and free torsion, the Theorem 4.9 in [CC2] says that the Ricci curvature of g ε satisfies
And the mean curvature H ε is zero on Σ with respect to the metric g ε , which will be presented in the next. Then Theorem 1.2 in [CC2] will yield that the eigenfunction f of ∆ b achieves the sharp lower bound for the first Dirichlet eigenvalue of the Laplace ∆ ε with respect to the Riemannian metric g ε . Therefore, by Theorem 4 in [Re] , M is isometric to a hemisphere in a standard CR (2n + 1)-sphere.
In the following we show that the mean curvature H ε is zero on Σ with respect to the Webster metric g ε . We choose {l j = e j , l 2n = αe 2n +T √ α 2 +ε 2 } 2n−1 j=1 , here e n+β = Je β for 1 ≤ β ≤ n, to form an orthonormal tangent frame and ν = 
